We present a calculation of the static and dynamic dipole polarizability of the helium atom using a variationally stable treatment that incorporates the coupled-channel hyperspherical representation of the wave functions. Inclusion of logarithmic terms in intermediate functions as well as the effect of an optimization procedure for the variational parameter are analyzed. When available, our coupled-channel results are compared with other values in the literature.
I. INTRODUCTION
It was demonstrated long ago that the wave function for the helium atom at the triple-collision point should formally be described as a power series in R and ln R, where R is the hyperspherical radius ͓1,2͔. However, this description has only been applied in calculations of energy levels ͓3-7͔. The main effect of this expansion is to speed up the convergence of the calculated energy, reducing the large number of basis functions needed in usual variational calculations. More recent works ͓8-14͔ have demonstrated that alternative kinds of expansions, not involving logarithmic terms, can achieve benchmark energy levels with reasonable basis sizes. These methods involve double ͓9,11͔ and triple ͓12͔ basis sets, noninteger ͓8͔ or complex ͓13,14͔ powers of the expansion variables, or special kinds of configuration interaction expansions ͓10͔. In a recent work, Popov and Ancarani ͓15͔ showed, in a rigorous mathematical study of the bound states of the helium atom, how the logarithmic terms, as suggested by Bartlett ͓1͔, are linked to the electron-electron interaction in the region of small radii. Nevertheless, they discussed only briefly possible numerical methods for getting approximate energy levels.
The dipole polarizability of helium is another fundamental property of this prototypical two-electron system whose accurate calculation has generated much interest ͑see, e.g., Refs. ͓16 -27͔͒. A comprehensive review on electric dipole polarizabilities for atoms has been given by As pointed out in that review, polarizabilities are important in a number of areas in physics and chemistry, such as interactions between matter and electromagnetic fields, collision phenomena, and others. Many physical properties are related to the polarizability, as for instance the dielectric constant and refractive index. Owing to such a broad interest in determining polarizabilities, many theoretical methods have been employed. However, many fewer highly accurate methods exist for polarizabilities than for energies. An interesting fact, recently shown by Pachucki and Sapirstein ͓27͔, is that the mass polarization, relativistic, and QED corrections to the nonrelativistic static polarizability cancel almost completely, giving a contribution to the He static polarizability of under 2 ppm. This accidental cancellation highlights the importance of highly accurate calculations of the polarizability in the nonrelativistic limit in order to test the effect of these higher-order corrections. Although many different methods and techniques exist, only a few of them are able to give the requisite precision. Significantly, none of the many prior calculations include logarithmic terms in their formulation.
We present, in addition to energy levels, a calculation of the static and dynamic dipole polarizability of the helium atom using a variationally stable, coupled-channel hyperspherical approach ͓20,29-32͔, in which the initial-and intermediate-state wave functions are represented by Fock expansions ͓1,2,33-36͔. Our results include logarithmic terms in the wave-function expansions in order to calculate an observable other than the energy. In the calculation of energy levels, those terms have served only to speed up the convergence of the result ͑see, e.g., Refs. ͓4,5͔͒. On the contrary, in our calculation of the dipole polarizability, the logarithmic terms play a crucial role in obtaining accurate values when using nonoptimized parameters in the intermediatestate functions. When an optimization procedure is included, the logarithmic terms become less important, at the expense of more CPU time. Comparing the results we obtain both with and without the logarithmic terms for the static polarizability, we are able to demonstrate their important role for the hyperspherical basis we employ. The present approach, in which we treat up to 12 coupled 1 S e channels and up to 15 coupled 1 P o channels, is able to furnish five digits of accuracy for polarizabilities. While this level of accuracy is unable to provide benchmark results for the He static polarizability ͑since the best results of others give seven or more digits of accuracy͒, our method is nevertheless more than sufficient to provide competitive results for the dynamical polarizabilities as well as for our next main goal, the calculation of multiphoton cross sections with an accuracy exceeding that of current experimental capabilities. This paper is structured as follows. In Sec. II we summarize the theoretical aspects of the present approach, giving the fundamental equations. Section III gives some details regarding the numerical and calculational features of our ap-proach. In Sec. IV we present the results for the static and frequency-dependent dipole polarizabilities as well as for the energies; we provide also an analysis of the convergence of our results. In addition, comparisons with other results in literature are given. Finally, Sec. V presents our conclusions and some perspectives.
II. THE VARIATIONALLY STABLE, COUPLED-CHANNEL HYPERSPHERICAL APPROACH
For two-electron systems, such as helium and its isoelectronic series, the hyperspherical coordinate representation is very suitable for describing the wave functions ͑see Ref. ͓37͔ for a review on this subject͒. The set of coordinates employed is ͕R,␣, 1 , 1 , 2 , 2 ͖, where Rϭ(r 1 2 ϩr 2 2 ) 1/2 , ␣ ϭtan Ϫ1 (r 1 /r 2 ), and i , i are the usual angular coordinates.
The matrix element for a two-photon transition between an initial state ͉i͘ and a final state ͉ f ͘ is written as
where Dϭ⑀•(r 1 ϩr 2 ) is the length form of the electric dipole operator, E i is the energy of the initial state, ⑀ is the light polarization vector, and is the photon energy. The variationally stable form of Eq. ͑1͒, according to Refs. ͓20,29-31͔, is
where ͉͘ and ͗Ј͉ represent unknown functions related to ͉i͘ and ͗ f ͉, respectively, by a one-photon transition. The two-photon transition rate in Eq. ͑2͒ is variationally stable in the sense that it depends only quadratically on errors in the determination of ͉͘ and ͗Ј͉ ͓30͔. In Eq. ͑2͒, the Hamiltonian in hyperspherical coordinates is given by ͑atomic units are used throughout this paper͒
and the operator Û (R,⍀) is the angular part of the Hamiltonian, with a parametric dependence on R,
where L 1 2 and L 2 2 are the usual angular-momentum operators of the individual electrons and 12 is the angle between their position vectors: cos 12 ϭr 1 •r 2 . An eigenvalue equation for the operator Û (R,⍀), i.e.,
furnishes a set of channel functions ⌽ (R;⍀) and a set of corresponding potential curves U (R), where the index is a collective label for all relevant quantum numbers. At R ϭ0, Eq. ͑5͒ is exactly solvable and the solutions can be written in terms of Jacobi polynomials with the corresponding eigenvalues given by
where l 1 and l 2 are the individual angular-momentum quantum numbers of the electrons and ñ is the degree of the Jacobi polynomial of a particular solution. It represents the number of nodes in ␣ ͑at Rϭ0) of a given channel.
The initial-and final-state wave functions as well as the functions and Ј are expanded in adiabatic hyperspherical channel functions ͓20,38,31͔; they all have similar forms:
where the expansion coefficients F (R) satisfy the coupled radial equations
and (R) and Ј (R) are determined by the variational procedure described below. The coupling terms in Eq. ͑10͒ are known as nonadiabatic couplings and are defined by
where the brackets mean integration over the angular variables ⍀. In order to evaluate the radial integrals of Eq. ͑2͒, we expand the unknown radial functions as
where i j (R) and i Ј j Ј (R) are chosen to be modified Slater orbitals that include powers of ln R, i.e.,
where N i, j is a normalization constant for the i, j basis function of each channel and the exponents of R are given by
͓35͔͒. The constants ␤ i are free parameters whose determination is described in Sec. III.
The frequency-dependent polarizability is calculated using the second-order transition matrix element as follows:
where the final state ͉ f ͘ is replaced by the initial state ͉i͘ in Eq. ͑2͒. In the static limit, i.e., the photon frequency →0, the expression for the polarizability reduces to a simpler form: ␣(0)ϭϪ2T i→i (2) (0).
III. CALCULATIONAL ASPECTS
In this section, we discuss the numerical aspects of our calculations. It should be stressed here that these are numerically intensive calculations, particularly because our codes use REAL*16 ͑quadruple͒ precision in order to minimize numerical error propagation and to deal accurately with a mix of both small and large numbers.
In Eqs. ͑7͒-͑12͒, the channel indices and run from 1 to a maximum number N c of coupled channels that are considered in the adiabatic expansions. The positive constants ␤ i , introduced through the Slater basis functions in Eqs. ͑15͒ and ͑16͒, can be heuristically chosen: the starting trial values for the ␤ i are chosen to be close to the value ͱϪ2E 0 , where ϪE 0 ϭ0.903 724 a.u. is the electron binding energy for the helium atom. Then, a spread of values around the initial trial values are investigated and their convergence properties and stability are examined with the aim of minimizing error propagation. In this work, we have also developed an optimization procedure for searching for the best set of ␤ i parameters. This procedure is based on the minimization of the transition matrix element ͓Eq. ͑2͔͒ with respect to ␤ i . Note that for photon frequencies above the ionization threshold, ␤ i should be chosen to be complex in order to correctly describe the oscillatory character of the intermediate-state continuum wave functions. The hyperspherical method focuses on the determination of potential curves and the corresponding channel functions ͓see Eq. ͑5͔͒. Due to the nature of the angular operator ͓Eq. ͑4͔͒, the solution of Eq. ͑5͒ is the most difficult step of the method. Nevertheless, the angular operator Û (R,⍀) is not dependent on the system's energies, which means that the set of potential curves and nonadiabatic couplings are calculated a single time for the system under consideration. Due to the symmetry breaking caused by the electron-electron repulsion, the angular operator is not separable and Eq. ͑5͒ becomes an angular coupled channel equation ͓38͔. In solving this eigenvalue equation, we have used an expansion in the individual angular momenta of the electrons ͓35͔. The coupled-channel expansions have been truncated at the maximum value l 1 max ϭl 2 max ϭ9 for the 1 S e and 1 P o channels with the exception of the lowest potential curves of each symmetry. These potential curves are the most important ones since they support the bound states. For the first 1 S e potential curve, 40 components of angular momentum have been included, i.e., l 1 max ϭl 2 max ϭ39 and for the first 1 P o potential curve, 60 components have been used, i.e., l 1 max ϭl 2 max ϭ30. Bound and scattered states are obtained using proper boundary conditions in solving the radial equations. In the calculation of static and dynamic polarizabilities ͑taking the initial state as the ground state͒, potential curves for both 1 S e and 1 P o states are required. 
IV. RESULTS
The potential curves used in our calculations are shown in Figs. 1 and 2, where the Rϭ0 degeneracy is evident and exact, according to Eq. ͑6͒. The degenerate curves suggest a natural grouping of channels, which will prove relevant for analyzing the convergence of our results as a function of the number of channels included in our calculations. Note the apparent crossings between contiguous curves, especially for the higher ones. In fact, those are avoided-crossing regions, where the corresponding channel functions suddenly ex-TABLE I. Ground-state energy convergence as a function of the number N c of coupled radial equations. The error is relative to the variational value of Frankowski and Pekeris ͓4͔. The first row, with N c ϭ1, corresponds to the calculation in which all couplings are neglected, giving a lower-energy bound; the second row, also with N c ϭ1, corresponds to the one in which only the diagonal coupling matrix element is taken into account, giving an upper-energy bound. Horizontal lines delimit groups of channels ͑see text͒. For reasons of consistency, the ground-state energy E i used in Eq. ͑1͒ is the calculated hyperspherical value for the number of channels included in our calculations, as shown in Table I . In this table, as the number of coupled channels increases, the corresponding calculated energy approaches the variational value of Ref. ͓4͔. The first row with N c ϭ1 corresponds to the calculation in which all couplings are neglected, giving a lower bound for the energy ͓39,40͔. The second row with N c ϭ1 corresponds to the calculation in which only the diagonal coupling is taken into account. This value, and all subsequent ones, are upper-energy bounds ͓39,40͔. The second column lists the Rϭ0 angular quantum numbers ͓see Eq. ͑6͔͒ as well as the asymptotic hydrogenic threshold n; this set of numbers labels each potential curve ͑and the corresponding angular channel͒. For second-order processes such as the dipole polarizability of the ground state, the intermediate states possess symmetry 1 P o . For this reason, Table II is included in order to analyze the convergence of the 1s2p energy. One sees in Table I that as additional adiabatic hyperspherical channels are included in our calculations, the deviations from the variational value of Ref.
͓4͔ decrease monotonically. Large decreases occur when the hyperspherical channels that converge to nϭ2 (N c ϭ2, 3͒, nϭ3 (N c ϭ4, 5, 6͒, and the first channel converging to n ϭ4 (N c ϭ7) are included. The largest decreases occur when the last channel included has an angular function containing s waves ͑i.e., electron orbital angular momenta l 1 ϭl 2 ϭ0) at Rϭ0; this occurs for N c ϭ3, 7, and 13. A similar pattern can be found in Table II for the 1s2p state. In both Tables I and   II , horizontal lines delimit groups of channels. Inside each group the convergence is steady but slow. One could also try grouping of channels using the asymptotic threshold n as a parameter. We believe that grouping of channels using their Rϭ0 characters is the most appropriate method since the corresponding potential wells ͓see Eq. ͑3͔͒ are in the smalland mid-R regions and, consequently, in this region the channel functions are better characterized by their Rϭ0 behaviors than by their R→ϱ behaviors. As noted from Tables I and II, a new group of channels starts when an angular channel with an l 1 ϭ0 component is included. Note how every time a new channel having l 1 ϭ0 is included, the error drops dramatically. This behavior ͑and its associated channel grouping͒ will prove useful for analyzing the convergence of the static polarizability, for which both 1 S e and 1 P o symmetries are involved.
A. Static polarizability
In our calculation of the static polarizability without the optimization of the exponential parameters ␤ i , our expansions of the radial functions in Eqs. ͑15͒ and ͑16͒ the intermediate-state functions, for the helium atom we discovered that not only should B max be greater than unity but also that it needs to be at least greater than or equal to three in order to obtain convergence to the correct value of the static polarizability. In the adiabatic approximation, where N c ϭ1, the three matrix elements in Eq. ͑2͒ are equal to each other ͑to ten digits of accuracy͒. For the nonadiabatic coupled-channel calculation, i.e., N c у2, they are typically converged to within five or six digits of accuracy. We regard the accuracies of these equalities as indicators of the level of accuracy of our results. Note also that for these calculations we have not altered the parameters as the number of channels is increased; doing so may be necessary for larger numbers of channels, as these correspond to higher-energy levels of He ϩ . Table III lists the calculated values of the static polarizability according to Eq. ͑17͒, with ϭ0, as the number of coupled channels increases. The quantum numbers that label the potential curves, listed in Tables I and II , are also included to help identify the groups of channels. This table lists the values obtained by neglecting the logarithmic terms in Eqs. ͑15͒ and ͑16͒ alongside the results obtained by including the logarithmic terms. Other than the inclusion or exclusion of the logarithmic terms, both calculations were otherwise the same. That is, they used the same parameters ͑such as the number of ␤ i constants͒ and the same number of basis functions. Comparison of the two variational calculations clearly indicates the importance of the use of the logarithmic expansion. They are important not only for accelerating the convergence but also for obtaining the correct value. Note that in calculating the polarizability there are two sets of coupled channels: the 1 S e channels, which couple to the ground state, and the 1 P o channels which constitute the intermediate states. One sees from parameter is sufficient to achieve results very close to the ones obtained with five nonoptimized ␤ i parameters and logarithmic terms. On the other hand, additional CPU time is required for the optimization procedure.
Anticipating that readers will wish to know what would happen if one combines the inclusion of logarithmic terms together with the optimization of the ␤ i , a sample for the first few coupled channels have been computed and displayed in the last column of Table III . One sees that the improvement is beyond the sixth or seventh decimal digit, with a high cost in terms of computer resources. Some information about the convergence of the calculated ␣(0) value with the number of channels can be extracted from Table IV . For each column, the same convergence pattern of 1 P o states, shown in Table II , is found as N c Ј increases. Within each group of channels the polarizability increases slowly and monotonically whereas larger increments occur when a new group is included. A different pattern is noted when looking at the rows, which show the convergence as the number N c of channels included in the groundstate wave function is increased. Within each group the convergence oscillates with increasing N c . However, the important feature is that considering only the values obtained with a complete group of N c channels included, the results are monotonically decreasing. These results are represented ones. Those are all based upon techniques that use variational wave functions for both the ground state and the intermediate states that involve large basis sets, ranging from 100 basis functions ͓22͔ to 900 ͓27͔. Their wave functions do not include the logarithmic contributions, which can explain the large number of basis functions needed to achieve good convergence. Three of them ͓22,23,27͔ used extended ͑or qua-druple͒ numerical precision to avoid round-off error propagation. Nevertheless, our calculation using basis functions that include logarithmic terms needs fewer basis functions: namely, 60 terms in the expansions given by Eqs. ͑13͒ and ͑14͒, whereas in the calculation using only one optimized ␤ i parameter, 16 terms (M i ϭ16) have been used in these expansions. We reiterate that we have not pushed our variationally stable approach using a coupled adiabatic hyperspherical basis to obtain the seven or more digits of accuracy necessary to achieve benchmark predictions for the static polarizabilities. To do that we would have to couple more than the 12-15 channels of each symmetry that we currently include and, in particular, we would have to include one or more of the next complete groups of channels of each symmetry. What we have shown is that for a given number of channels the inclusion of logarithmic terms allows one to obtain comparable accuracy to calculations that optimize the ␤ parameters but do not use logarithmic terms. A key additional point is that the five digits of accuracy we have achieved at the level of approximation permitted by our computational constraints is sufficient to obtain competitive predictions for the dynamical polarizabilties, which we discuss next.
B. Dynamic polarizability
Our results for the static polarizability have determined the set of optimized parameters which provide results comparable to the use of logarithm terms in the initial-and intermediate-state expansions. We use this information to select the parameters for our calculations of the frequencydependent ͑or dynamic͒ polarizability of He. For the dynamic case, the determined optimal values of ␤ i for each coupled channel in the static limit have been used. We have used an equal number of coupled channels for both ground and intermediate states, that is, N c ϭN c Јϭ6 since this number of coupled channels constitutes a closed group of channels for both ground and intermediate states, according to Fig. 3 one sees the rate of convergence as the number of coupled channels ͑with N c ϭN c Ј) increases. Figure 4 shows The resonances ͑sharp antisymmetric peaks͒ in the dynamic polarizability correspond to one-photon transitions to intermediate 1 P o excited states of He. When approaches this region (տ0.7 a.u.), conventional methods start to fail due to the approximation of the poles present in Eq. ͑1͒, making the calculation increasingly difficult. As our formalism transforms Eq. ͑1͒ into Eq. ͑2͒, in which the poles have been removed, there is no difficulty in the calculation in the region Ͼ0.7 a.u. From the calculation of the dynamic polarizability in the resonance region, one can extract the frequencies for the one-photon transitions by simply inspecting the calculated data and, in the vicinity of an abrupt change of sign, extrapolate the values of the resonant frequencies. The first few one-photon transition energies obtained are listed in Table VII . In this table, a comparison with results of a variational calculation ͓41͔ is given. Also listed are the hyperspherical results from Ref. ͓42͔ . Unlike the usual methods for obtaining polarizabilities, one notes that the present variationally stable approach provides very accurate values for the one-photon transition energies.
V. CONCLUSIONS
In summary, we have presented a calculation for the static dipole polarizability of the helium ground state that includes logarithmic terms in both ground and intermediate states within a variationally stable, coupled-channel adiabatic hyperspherical approach. Within this basis set, the inclusion of logarithmic terms appears to be necessary to obtain convergence to the correct value of the static polarizability when nonoptimized parameters in the intermediate basis functions are used. We have shown that for any fixed number of coupled channels this approach is capable of obtaining a value for the static polarizability that is comparable to the results obtained with optimized parameters. The two methods appear comparable in their use of computer resources. Use of logarithmic terms requires more basis functions, but one does the calculation only once; use of optimized parameters-without logarithmic terms-implies fewer basis functions, but the calculations must be repeated as often as necessary to obtain the optimum values of the parameters.
Results for the dynamic polarizability have also been presented whose accuracy is comparable to that of the best results of other authors, especially in the photon frequency range corresponding to the one-photon transitions. In fact, one of the advantages of the present approach is the ability to furnish reliable and converged results even in the resonance region due to the nonexistence of poles in the transition matrix element. These accurate predictions for the dynamical polarizability imply that our approach is capable of predicting highly accurate values for multiphoton cross sections of helium ͑as well as other two-electron systems͒. Calculations for the helium two-photon ionization cross section are in progress.
